Abstract-Based on reliability analysis for a system subject to -dependent competing risks of internal degradation and external shocks, we propose a condition-based maintenance policy considering imperfect repair for complex systems. The internal degradation (e.g., crack growth, erosion, or corrosion) can be modeled using a stochastic deterioration process. External shocks arriving at random times are divided into two classes based on their impacts on the system: 1) fatal shocks that can cause the system to fail immediately, if a shock belongs to any of three classic shock models (i.e., extreme shock model, run shock model, and -shock model), or the generalized mixed shock model; and 2) non-fatal shocks that can damage the system by randomly increasing the degradation level. Using the proposed condition-based maintenance policy, the system is inspected at fixed time intervals, and a decision for an appropriate maintenance action (i.e., no action, imperfect repair, preventive or corrective replacement) is made based on the actual health condition of the system detected through inspection. The imperfect repair restores the system by lowering the degradation amount to a certain level. The objective is to determine the optimal inspection interval that minimizes the expected long-run maintenance cost rate. A micro-electro-mechanical system example is used to evaluate the efficiency of the developed reliability and condition-based maintenance models.
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Time when the degradation reaches , given the initial degradation level is Cost to inspect the system Cost to perform imperfect repair Cost to perform preventive replacement Cost to perform corrective replacement I. INTRODUCTION F OR repairable deteriorating systems subject to external shocks, we develop a new condition-based maintenance policy that includes different maintenance actions, i.e., corrective replacement, preventive replacement, and imperfect repair. A new generalized mixed shock model is proposed to describe the failure process due to external shocks, and it is a mixture of three classic shock models: the extreme shock model, the run shock model, and the -shock model.
Many systems are subject to external shocks throughout their service life. Shocks usually arrive at random times with random magnitudes due to external forces such as overheating, overvoltage, or overload. There are different shock models investigated in the literature, typically by considering the magnitude of a single shock (extreme shock model), the magnitude of a specified number of successive shocks (run shock model), the length of time between consecutive shocks ( -shock model), or a combination of two (mixed shock model). Based on the extreme shock model, a system fails as soon as the magnitude of a shock exceeds a given threshold [1] . A system fails due to the run shock model as soon as a run of consecutive shocks that are greater than a given threshold occurs [2] . According to the -shock model, a system fails when the time lag between two successive shocks is less than [3] . Finally, the mixed shock model is the combination of two shock models, where it is assumed that a system breaks down as soon as one of the two considered shock models occurs [4] .
In this paper, we attempt to generalize the traditional mixed shock model by incorporating three, rather than two, classic shock models (i.e., extreme shock model, run shock model, and -shock model). We assume that a system can fail instantaneously due to a single large shock, a series of consecutive shocks, or a short time lag between successive shocks, depending on which critical level is attained first. An example to illuminate this new generalized mixed shock model is in boxing, where a knockout can happen due to a single powerful punch, a series of moderate punches, or two immediate punches.
External shocks are not the only mechanism causing the system failure. It is well known that systems degrade over time due to different factors such as erosion, corrosion, wear out, fatigue, and crack growth. Such systems include critical engineering systems (e.g., a reactor fuel core in a nuclear power plant), giant structures (e.g., a bridge), or complex devices (e.g., a micro-electro-mechanical systems (MEMS) device). Degradation processes can be modeled using different approaches, such as a stochastic process [5] , or a random coefficient model [6] . A system fails when the overall degradation level exceeds a critical threshold.
The models that describe systems subject to both degradation and shock processes are called degradation-threshold-shock (DTS) models, first developed by Lemoine and Wenocur [7] . Most papers on DTS models considered that the degradation process and the shock process are -independent [8] [9] [10] , which is not an appropriate assumption for many practical situations. Recently, there are some papers investigating various types of dependence between the degradation process and the shock process [11] [12] [13] . In this paper, the dependence between the degradation process and the shock process is considered by introducing the impact of shock process on the degradation level.
An effective maintenance strategy plays an important role in mitigating the risk of system failure. Various maintenance policies have been proposed in the literature including corrective maintenance (CM), preventive maintenance (PM), and condition-based maintenance (CBM). CM is the action that takes place when the system fails. PM is the action that is performed to prevent system failures when the system is still functioning. In the traditional PM, maintenance actions are scheduled to be carried out at the predetermined intervals. The major problem that makes the PM approach less practical is that the maintenance decision is made not based on the real-time condition of the system, which may result in unnecessary maintenance actions, and increase the maintenance cost. On the other hand, CBM is more effective because it takes into account the real-time condition of the system (e.g., degradation level) that can be observed through periodic inspection, continuous monitoring, or a combination of both.
PM can be classified into two groups according to its impact on the system: 1) the perfect PM that restores the system condition to as-good-as new (or replacement), and 2) the imperfect PM that restores the system condition to a better state somewhere between as-good-as new and as-bad-as right before maintenance (or repair). The perfect PM for systems subject to degradation and shock processes has been extensively investigated in the literature. van der Weide et al. [14] optimized a CBM policy for systems that are damaged by random shocks. The system undergoes a complete overhaul to become as-good-as new, if the cumulated damage is greater than the preventive maintenance limit, or the system reaches a certain age, whichever occurs first. van der Weide and Pandey [15] evaluated the maintenance cost of critical engineering systems that are damaged by random shocks. The system is replaced preventively at inspection if the damage level is greater than a certain threshold.
A preventive maintenance strategy for a used system with a random initial damage was introduced by Chen [16] . According to the bivariate preventive maintenance policy, the system undergoes a preventive replacement at the th minor shock, or the predetermined age , whichever occurs first. Castro et al. [17] proposed a preventive CBM policy for a system subject to multiple competing risks of crack growth and stresses. The system undergoes a preventive replacement if the length of a certain crack is beyond a predefined threshold.
Imperfect PM restores the system to a better state between as-good-as new and as-bad-as right before maintenance. It is important to determine to what degree the imperfect repair improves the system condition. Liao et al. [18] proposed a novel imperfect PM model to find , where is the optimum repair threshold, and is the number of repairs that a system can take before it is replaced. Tan et al. [19] studied a CBM for a deteriorating system that is continuously monitored. When the degradation exceeds a certain threshold, an imperfect repair action is performed to lower the degradation to a better state, which is a random variable. Nevertheless, the system can take only a limited number of repairs, and afterwards, it needs to be replaced. Huynh et al. [20] assessed the performance of minimal repairs that are carried out after a shock-related failure to bring the system back to the degradation level right before failure.
Fan et al. [21] studied a predictive maintenance strategy for a repairable system subject to two -dependent failure processes. The effect of imperfect repair is interpreted in terms of how the hazard rate and the effective age are changed. Van and Bérenguer [22] analyzed a CBM policy for a single-unit deteriorating system whose condition is inspected periodically. If the degradation is beyond the preventive maintenance threshold, an imperfect repair is implemented immediately to restore the system to a better state. Le and Tan [23] introduced an analytical maintenance formulation for a multi-state deteriorating system under both continuous monitoring and occasional inspections. If the desired action is to maintain, an imperfect repair is performed to improve the system to a slightly better state, instead of recovering it to the as-good-as-new condition.
In this paper, we develop a new CBM policy considering imperfect repair based on reliability modeling for systems subject to -dependent competing risks of degradation and the generalized mixed shock model. What distinguishes this model from others [19] , [22] , [24] is that we incorporate various actions in the maintenance model: imperfect repair, preventive replacement, and corrective replacement. The imperfect repair impacts the system by lowering the degradation level to a certain level.
The remainder of this paper is structured as follows. Section II discusses the modeling of different competing failure processes of the system considering the generalized mixed shock model. The maintenance strategy is described in detail in Section III. Section IV presents a numerical example to illustrate the reliability modeling and the maintenance strategy, and finally Section V provides a summary and conclusions.
II. SYSTEM FAILURE ANALYSIS, AND MODELING
Consider a repairable system that may fail due to the competing risks of degradation and shocks, i.e., a DTS model. The system is considered failed when the degradation level exceeds the failure threshold, or when a fatal shock arrives. Fig. 1 illustrates an example of the two -dependent failure processes for a deteriorating system subject to the generalized mixed shock model: degradation-based failure, and shock-based failure. As shown in Fig. 1 , the first failure the system experiences is a shock-based failure when the magnitude of the shock that arrived at time is greater than the critical level for the extreme shock model ( ). The system experiences the second failure at time when is less than the threshold ( -shock model). The third failure is a degradation-based failure because the accumulated degradation level exceeds the threshold . The last failure occurs at time as soon as there are two successive shocks with their magnitudes greater than the critical level for the run shock model ( ). Because the system is replaced after each failure, the shock count, and the time origin have been reset after each failure, as shown in Fig. 1 .
We have the following list of assumptions for the failure analysis of the system studied in this paper.
1. We assume that the degradation continuously increases following a linear path, which can be applied to a wide range of degradation phenomena, such as wear degradation. 2. Random shocks arrive according to a homogenous Poisson process with a rate of . 3. The system may suddenly fail if one of the three shock models (i.e., extreme shock model, run shock model, or -shock model) occurs. 4. The overall degradation is accumulated by the continuous degradation and the abrupt jumps caused by non-fatal shocks. 5. The reliability model in this paper is general, and can accommodate different distributional assumptions. To illustrate using a specific case, we assume that most variables are normally distributed, with the standard deviation substantially smaller than the mean so that the probability for taking on negative values is negligible.
A. Degradation-Based Failure Modeling
If no maintenance is performed, the linear degradation path is expressed as , where is the initial degradation that is a random variable (due to the variability in manufacturing and delivering processes), is the degradation rate that is a random variable and varies from part to part, and is the random error term following a normal distribution . When a non-fatal shock arrives, we assume that it damages the system by increasing the degradation instantaneously. We denote the damage caused by the th shock as for , where is a -independent and identically distributed (i.i.d.) non-negative random variable. The accumulated degradation including both continuous degradation and instantaneous damages induced by non-fatal shocks can be expressed as (1) where represents the cumulative damages by non-fatal random shocks, and is the number of shocks by time . For the system to survive the degradation-based failure, the accumulated degradation level must be less than the threshold . Therefore, the probability of no degradation-based failure by time is (2) Using a convolution integral, the cumulative distribution function of , , can be derived:
The model in (3) is general, and can accommodate different distributional assumptions. In a specific case, we assume that is a constant; and , and are normally distributed, i.e., , and . For this specific case, the resulting accumulated degradation, , follows a normal distribution, and the probability in (2) can be expressed as (4)
B. Shock-Based Failure Modeling
In the literature on random shock models, an immediate failure is typically caused by one of several well-studied models, such as the extreme shock model, or the -shock model. We introduce a generalized mixed shock model, a combination of three shock models including the extreme shock model, the -shock model, and the run shock model, as the direct cause for the shock-based failure. The system suffers shock-based failure as soon as the condition for one of the three shock models is realized: 1) the magnitude of one shock is above the critical value (extreme shock model), 2) the time lag between two sequential shocks is less than the threshold ( -shock model), or 3) a set of consecutive shocks with magnitudes that are greater than the critical level occurs (run shock model). These three classic shock models are competing against each other, and whichever occurs first will cause the system to experience shock-based failure.
Depending on which shock model is the reason for the system failure, different scenarios can occur that are presented in the following, along with the correspondent probability of survival by the th shock.
1) Scenario 1:
If the magnitude of the th shock is greater than the critical threshold , the system fails according to the extreme shock model, and the th shock is the fatal shock. We use to denote the fatal shock count due to the extreme shock model, which is a random variable. The probability that the system does not experience the extreme shock model by the th shock is derived to be (5) where is an i.i.d. non-negative random variable.
2) Scenario 2:
If the time interval between the th shock and the th shock is less than the threshold , the system breaks down, and the th shock is considered as the fatal shock. The fatal shock count due to the -shock model, , is a random variable. The probability that the system does not fail according to the -shock model by the th shock is derived to be (6) where is an i.i.d. non-negative random variable. For the homogenous Poisson process, follows an exponential distribution with a rate of .
3) Scenario 3:
If the first run of consecutive shocks that are greater than the critical level occurs by the th shock, it causes the system to break down according to the run shock model. The th shock is considered to be the fatal shock. We use to denote the fatal shock count due to the run shock model, which is a random variable.
In general, if we define to be the probability that no run of consecutive successes occurs in a set of shocks, it has been shown to satisfy the recursive equation [25] (7) with the initial conditions when , and , where is the probability of success, and . In our case, a success is defined as a shock being greater than , and we have , and . The system does not fail due to the run shock model if no run of consecutive shocks greater than happens by time , i.e., the fatal shock count for the run shock model, , is larger than the number of shocks that arrived by time ,
. Based on (7), the probability that is larger than is directly derived to be (8) with the initial conditions , and (9) Combining the above three scenarios, the probability that a system does not experience the shock-based failure by time , i.e., the fatal shock count is greater than , is expressed as the probability that the fatal shock count due to the extreme shock model , the fatal shock count due to the run shock model , and the fatal shock count due to the -shock model are all greater than :
The last step is valid because and are both associated with the magnitudes of shocks, and therefore they are -dependent;
is associated with the shock arrival time, and it is statistically independent of and . By comparing and in the run shock model, the probability of no shock-based failure by time in (10) is further derived.
i) When the number of shocks by time is less than , or , the run shock model cannot happen. Therefore, based on (5) and (6), the probability in (10) is equal to the probability that the condition for the extreme shock model or the -shock model is not satisfied by time : (11) ii) When the number of shocks by time is , or , based on (5), (6) , and (9), the probability in (10) is equal to the probability that the condition for the extreme shock model, the -shock model, or the run shock model is not satisfied by time . (12) because iii) When the number of shocks by time is larger than , or , based on (5), (6) , and (8), the probability in (10) is (13) 
C. System Reliability Function
For a system to survive by time in this DTS model, we need to ensure that degradation-based failure and shock-based failure do not occur by time . The reliability function for such a system using (2), and (10) through (13) is derived as (14) Given the number of shocks by time , degradation-based failure and shock-based failure are conditionally -independent, due to the assumption that the shock damage size is -independent of the shock load .
III. CONDITION-BASED MAINTENANCE STRATEGY
Based on the reliability modeling for systems subject to two competing failure processes, we propose a condition-based maintenance model for a repairable system that takes into account corrective replacement, preventive replacement, and imperfect repair actions (as illustrated in Fig. 2) . The maintenance actions take place according to the detected condition of the system through inspections.
Assumptions: 1. The repairable system is inspected at a periodic interval, .
2. If the system fails, it is not self-announcing, and the system remains failed until the next inspection.
3. At an inspection, four things can happen. a. If the system is detected to be failed due to shockbased or degradation-based failure, a corrective replacement is performed. b. If the degradation is beyond the cut-off limit, , a preventive replacement is implemented even though the device is still functioning. c. If the degradation exceeds the warning limit value , but is not beyond , an imperfect repair takes place that restores the degradation level to some younger system status, , where . d. If the system is operating, and the degradation level is less than the warning limit, , then no action is needed. 4. In practice, the system can only undergo a limited number of repairs, after which performing a repair is not economically justifiable. Due to the complexity of this model, we assume that the repair action can be performed only once during a renewal cycle, which is defined as the time from the installation to the first replacement, or the time between two successive replacements. From basic renewal theory, the average long run maintenance cost per unit of time can be calculated as (15) By minimizing the average maintenance cost rate, the optimal inspection interval is determined. The expected renewal cycle length, , is formulated as (16) where is the number of inspections taking place in a renewal cycle. The probability for the number of inspections is derived according to the replacement actions taken, either preventively or correctively. (17) where , and , the inspection counts at which we perform preventive replacement, and corrective replacement, respectively, are random variables.
A. Probability of Performing Imperfect Repair
At the th inspection, if the degradation level is within the interval of for the first time, i.e., the time that the degradation reaches is between the th inspection and the th inspection, an imperfect repair is performed at the th inspection that brings the degradation to the restored level of . We define to be the inspection count at which a repair action is performed. The probability of performing a repair at the th inspection is (18) where , the first time that the degradation reaches given the initial degradation level equals 0, is a random variable defined as (19) The pdf for is to be provided in Section III-D.
B. Probability of Performing Preventive Replacement
The system is preventively replaced when the overall degradation is greater than , but the system is still functioning. The probability of performing a preventive replacement at the th inspection depends on whether the system has already undergone a repair action during the renewal cycle. Two scenarios may occur before the preventive replacement is performed.
1) Scenario 1:
No repair is recorded by the th inspection. Fig. 3 shows an example of Scenario 1 where the degradation level is less than the warning limit at time , and it is within the interval of at time , leading to a preventive replacement. Let denote the probability of performing a preventive replacement at time , given the system has not been repaired yet, and it is derived as follows. See (20) at the bottom of the next page.
2) Scenario 2: One repair action is performed by the th inspection. Fig. 4 depicts an example of Scenario 2 where the degradation is within at time , and therefore an imperfect repair action is taken to restore the degradation level to at the th inspection. The system is continuously operating, and the degradation level reaches the interval at time , i.e., the time that the degradation reaches is between the th inspection and the th inspection, leading to a preventive replacement. Let denote the probability of performing the preventive replacement at the th inspection given the system has been repaired at the th inspection, , and we have (21) where , the first time that the degradation reaches given the initial degradation level equals , is a random variable defined as (22) The pdf for is to be provided in Section III-D. Considering the above two scenarios, the probability of performing a preventive replacement at the th inspection is (23)
C. Probability of Performing Corrective Replacement
The system is correctively replaced when it fails due to either an internal degradation process or an external shock process. The probability that a corrective replacement is performed at the th inspection depends on whether the system is already repaired or not during the renewal cycle. Two scenarios may happen before the corrective replacement takes place.
1) Scenario 1:
No repair is recorded by the th inspection. Fig. 5 shows an example of Scenario 1 where the degradation level is less than the warning limit at time , and the system is failed at time due to degradation-based failure, leading to corrective replacement. Let denote the probability of performing the corrective replacement at time , given the system has not been repaired yet. (24) where is the cdf of the time to failure given the initial degradation equals zero, and it can be calculated using the reliability function in (14) . (20) 2) Scenario 2: One repair action is performed by the th inspection. Fig. 6 depicts an example of Scenario 2 where the degradation is within at time , and therefore an imperfect repair action is taken to restore the degradation level to . The system is continuously operating, and the degradation level is beyond at time , leading to a corrective replacement. Let denote the probability of performing the corrective replacement at the th inspection given the system was repaired at the th inspection, and we have (25) where is the cdf of the time to failure for a system that has undergone a repair action, i.e., the initial degradation equals . Considering the above two scenarios, the probability of performing a corrective replacement at the th inspection is (26)
D. Probability Density Functions of and
To derive the probability density functions of and to be used in calculating the probabilities of different actions, we use to denote the time that the degradation reaches a threshold given the initial degradation is equal to . We employ the cdf of in (3) to find the cdf of , :
Then the pdf of for the specific case when and follow normal distributions is derived as (28) where is the pdf of a standard normal random variable. By using , and , we can find the pdf of , and , respectively.
E. Expected Cost Rate
As part of the average maintenance cost rate in (15), the expected total cost in a renewal cycle includes the expected values of the inspection, one time imperfect repair, preventive replacement, and corrective replacement costs:
Every time the system is inspected, a fixed inspection cost is imposed to the system. The expected inspection cost in a renewal cycle is calculated as (30)
The imperfect repair cost incurs when the system is repaired before replacement. The expected imperfect repair cost during a renewal cycle is derived to be (31)
The expected preventive replacement cost is formulated as (32) Finally, the expected corrective replacement cost is (33)
We assume that . 
IV. ILLUSTRATIVE EXAMPLES
Numerical examples are presented in this section to illustrate the developed reliability and maintenance models. The corresponding values for the parameters in a reliability analysis are given in Table I , where some parameters are adopted from the literature, and others are assumptions based on typical and plausible values. For the described system, the reliability function in (14) is plotted in Fig. 7 , and sensitivity analyses were conducted to measure the effect of the changing parameters , , and on the reliability function (Figs. 8-10 ). As shown in Fig. 8 , by increasing , the critical level for the extreme shock model, from 1.55 Gpa to 1.65 Gpa, the shifts to the right. It can be inferred that, by increasing the value of the reliability improves. Fig. 9 shows that the system reliability is sensitive to the parameter , the critical level for the run shock model. Increasing from 1.2 Gpa to 1.4 Gpa causes to shift to the right. As can be observed in Fig. 10 , the inter-arrival time threshold affects the reliability function. By increasing from 1.0 revolutions to 3.0 revolutions, shifts slightly to the left. That shift indicates that reliability performance is better for the smaller value of . To obtain the optimal time interval for the periodic inspection, we need to minimize the average long-run maintenance cost rate in (15) . We use the simplex search method of Lagarias et al. [27] that is a direct search method without using numerical or analytic gradients. For an example of , ,
, and , the minimum average long-run maintenance cost rate is $57.1585 that is obtained at , the optimum inspection interval. Fig. 11 presents as a function of , obtained by using Matlab to solve this optimization problem.
We also performed sensitivity analyses to capture the impact of the model parameters ( , , , and ) on the optimal solutions (Figs. 12-15 ). For example, when increases from 0.00115 to 0.00135 where , , , and , the minimum average long run cost rate decreases from $72.28 to $50.86, and the optimal inspection interval increases from 6.12 to 8.29 revolutions. These results imply that, when the degradation-based failure threshold increases, the time lag between two inspections could be extended, and subsequently the cost rate is reduced.
V. CONCLUSIONS
In this paper, we investigate the reliability modeling for a complex system subject to -dependent competing risks of degradation-based failure and shock-based failure. The system experiences degradation-based failure when the overall degradation exceeds the critical threshold for the degradation process. The shock-based failure occurs when the condition for the generalized mixed shock model is satisfied. The generalized mixed shock model is the combination of three classic shock models: the extreme shock model, the run shock model, and the -shock model. These three classic shock models are competing against each other; whichever occurs first can cause the system to fail. To accommodate the complex maintenance modeling framework, we made necessary assumptions in the reliability modeling, such as the linear degradation path, a homogenous Poisson process for shock arrival, and normally distributed shock magnitude.
We also develop a condition-based maintenance policy based on the reliability analysis. The proposed maintenance strategy incorporates various maintenance actions: imperfect repair, preventive replacement, and corrective replacement. The decision regarding the appropriate maintenance action is made based on the information gathered about the real-time condition of the system through inspection. The maintenance strategy is analyzed through the numerical search of the optimal inspection interval that minimizes the cost rate of maintenance.
